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ON THE ROSENTHAL INEQUALITY FOR MIXING FIELDS

ITPO HEPIBHICTDb PO3EHTAJIA [1J14 I10JIIB,
IO 3AJOBOJIbHAIOTH YMOBH NNEPEMIIIIYBAHHA

A proof of the Rosenthal inequality for o-mixing random fields is given. The statements and proofs are
modifications of the ones presented in the papers of Doukhan and Utev.

Hosefiero uepibiiicTs PosenTass 1A BUNZAKOBHX MOJIB, WO 33/10BOAbHAIOTE YMOBH oL-nepeMiuy-
BanHA. TBepKeHHs Ta JIoBeAeHHA € MO/LMDIKAILIAMA TEOPEM Ta JIOBe/Ielh, 11aBe/leuX B poboTax
HykxaHa ta YTeBa.

1. Introduction and results. Rosenthal’s inequalities are important tools to prove
consistency of some estimators for weakly dependent random processes and fields (see
e. g. Fazekas and Kukush [1]). The first version of such inequalities was proved in
Rosenthal [2] for independent random variables. Rosenthal’s inequalities for mixing
sequences were presented in Utev [3] and for mixing fields in Doukhan [4]. However,
Doukhan remarks that the proof of the interpolation lemma in Utev [3] is “not clear”
(see Doukhan [4, p. 27]). Actually, the first inequality in the expression preceding
(4.4) in Utev [3] seems to be not valid. Therefore, one can not use Lemma 4.1 of Utev,
so the extension of Rosenthal’s inequality from positive even integer exponents to
arbitrary positive real exponents is an open problem. On the other hand, Doukhan [4]
presents Rosenthal’s inequalities for o-mixing and for @-mixing fields. However, by
the opinion of the authors of the present paper there is a gap in the proof of Theorem 1
in Doukhan {4, p. 29].

The aim of this paper is to give a version of Rosenthal’s inequality for o-mixing
fields. The results and proofs here are slight modifications of the ones in Doukhan [4]
and Utev {3]. The authors want to summarize what is clear in the above mentioned
papers concerning the topic. Similar considerations can be made in the @-mixing case
(see also Remark 4 in Doukhan [4, p. 32]).

Let (Q, F, P) be a probability space. Random variables are supposed to be

defined on (Q, F,P) Let 4 and B be two o-algebras in F. The o-mixing
coefficient is defined as follows,

o(A,B) =sup{|PA)PQB) - PAB)|: Ae 4, Be B}.

The covariance inequality in the o-mixing case is the following (see, e. g. Doukhan
(4,p.91)

|covX, V)| < 8[a(o(X), G(Y))]”r”X”p" Yil,

r,p,gz1, -1-+l+-]-=1.

r p q
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ON THE ROSENTHAL INEQUALITY ... 267

Let I be the set of integer lattice points in R? d>1. R? will be considered with

maximum norm and the distance generated by that norm. Let {Y,: te I} be a set of
random variables. The o -mixing coefficientof Y is

ay(r,u,v) = sup{a( %, F,):
distance (/;, ;) 2 r, card(/}) S u, card(,) < v},

where /) and I, are finite subsetsin I, % = o{Y,: tel;}, i=1,2.
Let T be a finite setin /. Introduce the following notation

L(ua 897’) = 2 (EIY['“*’s)ul(u"'e) = Z "Y;"ﬁ+€’

teT teT
L(h 0,T), if O0<h<l, €20;
b(h,s,T): L(h, e T), if 1<h<2, €20;

max{L(h, €, T),[L(2, € DI*'?}, if 2<h, €20.

Let 5, and b, denote the number of points of / in a sphere with radius r and
center in / and in a ball with radius r and center in /, respectively: s, = card ({:

lell = rYN1Y, b, = card ({¢: ||¢]l € r}NI). Let

¢ = Sul(h~u=D1h=1!Y [ay(r,u h—w)]¥/®*9s pt2.

r=1

The following theorem is a version of Theorem 1 in Doukhan [4, p. 26].
Assumptions here are stronger than those of Doukhan [4]. Explicit formulae for the
constants are given.

Theorem. Let I>1 and € >0. Let Y,, te I, be centered random variables

with E|Y,|'*® < o, te I. Let h be the smallest even integer with h 2 2 1.

Assume that ¢%)_ < e for uw =1,...,h—1. Then there is a constant K 4,
such that

< Ki@)D(L e, T, )

for any finite subset T of 1.
Remark 1. K, does notdepend on T but it depends on the mixing coefficients

and I: Koy = H¥ C;, where

h-1 h

(@ _ ) h\ py(@) e
Hh =1+ 2 Cuh—u T (H)Hu Hh—u’
u=1 u=2

I
w

i}

Cl = 2(h—l+e)(2h+2[—l)/s

where we suppose that 0 <e <[/2. If [ is an even integer then one can put C =1
Remark 2. Inequality (1) is always satisfied for 0 < [ < 1 if we replace K(q)

with 1.
Remark 3. The above result is valid in the following slightly more general setting.

If / is aregular pattern in RY then s, should be replaced by 5, = card ({¢: r-1 <
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268 I. FAZEKAS, A. G. KUKUSH, T. TOMACS

<|ltll £ r}N1I), i.e. 5, denotes the number of points of / in aring with radius r,
thickness 1 and centerin /.

Remark 4. For d=1, i. e. for mixing sequences see Doukhan {4, p. 26].

2. Auxiliary results and interpolation lemma.

Lemma 1. Let L be a finite subset in a metric space (M, p). Suppose that the
minimal distance of two non-empty complementary subsets of L is r. Then one
can choose two non-empty complementary subsets A and B in L such that the
distance of A and B is r and there exists a connected graph with edges not
longer than r and with set of vertices A, and the same for B.

Proof. Let 5s,te U L. We shall say that s is r-connected with ¢ in U if
there exists a connected graph with edges not longer than r and with vertices in U,
moreover s and t are vertices of this graph. Let S; and S, be two non-empty
complementary subsets of L suchthat p(S;,S,) =r. Let 1, € S}, t, € S, such that

p(t),t) = r. Let S,-(” C §; be the set of points r-connected with t; in S;, i =1, 2.
Now, p({Sl(” USSP {(S, - sMU(S, - S “))}) r. But r is the maximal distance
between subsets of L, therefore either the second subset is empty or the distance is r .
In the first case we are ready. In the second case let 31(1) c S - S,”) be the set of
points r-connected with S3” in (S, - S{")USY. The definition of 5 is similar.
Obviously. 51(1) U 3‘2(“ # . Now, consider .(Sl -5Mu 5‘20) and (S, - S{) US'I(I).
The distance of these two sets is r. Moreover, in these sets the number of points r-
connected with 7, in (S~ S")US{" or the number of points r-connected with 1

in (S, - 52('))U S‘,(l) is greater than at the starting situation. Repeating the above
procedure we obtain the result.
The following lemma is a version of Lemma 2 in Doukhan [4, p. 29]. There the

lemma is stated for even integer (a +b) with (a+b) = 2.
Lemma2. I[f 820, a22 and b22 are real numbers then

D(a,$,T)D(b,3,T) < D(a+b,8,T).
The proof will be based on Holder’s inequality:
1. Let X and Y be real random variables. If p>1 and g = p/(p—1) then
EIXY| < XU, 0], @)

2. If a;,b;eR (i=1,...,n), p>1 and q = p/(p-1) then

n n Vp s oy 1/q
Zlaibil < (z Ia,-l”) (2 |b.'|q] . 3)

i=1 i=1
Proof. Set
L, = L{v,3,T),
D, = D(v,8,T),

X,= Y,L;”2 for teT,
znx "v+8'
D; = L,v(L)Y? if v22,

c=a+b.
Then

ISSN 0041-6053. Yxp. mam. xypn., 2000, m. 52, N2 2



ON THE ROSENTHAL INEQUALITY ... 269

L, = 2 (qul/z'vw)\'/(\'“) - L;v/sz’

teT
thus we get
D, = LY2L,vI;Y2 LY = YD, when v22, @)
and
L=1. &)
Using (5) we have
D, = L,v (L)' = L,v], when v22. (6)
This equality implies forany a>2 and 522
D,D, = LLvL,vL V], @)

(a) First we assume that a> 2. Set

y = (c+8)(a-2) and v = (2+8)(c—a)‘
c-2 c-2

c+d
u

- E|X Y8 = Elx, |40 S""lxrlu"(Ha)/u'ulxx'v"(2+5)’/'v'

This inequality implies

Then u+v = a+98, hence, using (2) with p and g = 2+% we obtain
v

Lo< Y X5 X5 ®)
teT

where

ua av

c@+d)’ T 2@+o)
As 0 <r<al/c<1, wecanapply 3)with p = 1/r, g = 1/(1 - r) to get from
@) that L < (L)"A"", where A = Y |IX 357, As s/(1-7) 2 1, from

(5) we obtain A <1, therefore L, < (L.)". Hence,if L, > 1, then L. > 1.
Therefore,as 0 < r <a/c <1,

L r o=

L,< (L) <)< r

c?*

if L, 2>1. 9)
(a’) Now, we concentrate on the case a>2, b>2. Then (9) is valid for &:
L)' <L, if [21. (10)

These inequalities imply Ly, L, < L, v1. Therefore, using (7), (9), (10) and (6)
we have

DD, < (Lv)vL,vIl, = LLvl = D;.

Hence, using (4), we get the statement.

(b) Now, we assume that a=b=2. Then using (7), (5) and (6), we get
DD, =1<1vi, = Dj.
Hence, using (4), we obtain the statement.
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270 I. FAZEKAS, A. G. KUKUSH, T. TOMACS

(¢) If a>2 and b=2 then (5), (6) and (9) imply
D,D; = D, < D..

a

Hence, using (4), we have the statement.

(d) Finally, if b>2 and a =2 then the proof is the same as in (c).

This completes the proof of Lemma 2.

The following interpolation lemma is a version of Lemma 4.4 of Utev [3] and
Lemma 1 in Doukhan [4, p. 27].

Let B be a separable Banach space withnorm || ||. Let F = { #,..., F,} bea

family of sub o-algebras of the c-algebra ¥, and n ={n,...,n,} be a family of
centered random variables. The family 7 is said to be (F, B)-adapted if n; is B-

valued and %;-mesurable. We shall use the following notation:

n v/(v+8) 4
M(v,8,m) = E:l(]Ellnillv+5) = Z‘”“i"Ls’
1= =

M(v,8,m), if 1€v<2;

Q(v,8,m) = {
M8V MY22,8,1), if v>2,

where avb = max {a,b}. I{A} denotes the indicator function of the set A.
Lemma 3. Assume that for some fixed real constants v 21, § >0 and ¢ 21
any (F, B)-adapted centered family v = {n,, ..., m,} satisfies

n
Z N;
i=1

Set tg = 1V (v/2)V (v -20). Then for any t with 1y < t £V and any (F, B)-
adapted centered family ¢ = {@, ..., @,) satisfies

n
Z '
i=1

We remark that ¢ 21 is the consequence of the other assumptions. In order to
prove the lemma we require the following known inequalities.

v

E < cQ(v,d,n). (1

r
E < 2710, 8, 9).

1. (Cp,-inequality.) If x,ye B and p21 then

oyl <277 (X + NIy 1), (12)
if 0<p<1 then
lx+y 117 < xll” + 1y |17 (13)
2. Let X be a B-valued random variable. If p2>1 then
(E [Ix1)” < ECIIX]P) (14)
and
E|l X - EX||” < 27E || x||”. (15)
If 0<p<1 then '
(E 1XI)" 2 E I x]I° (16)

and
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ON THE ROSENTHAL INEQUALITY ... 271

ElX - EX||” < 2(E || X]])", an
where EX is the Bochner integral. ’
3. If X isa B-valued random variable and 0 < g <p then
I xi, < ixll, (18)
where || X|l, = (E | X]|9)""".

4. If q;e R (i=1,...,n) and p2=1 then

n n 14
lea,-l” < (lea,-lj ) (19)

Proof of Lemma 3. Let ¢ = {@,,...,9,} be acentered (F, B)-adapted family
of random variables and 7y <t<v be a fixed constant. Set

0 = 0(t9,9),
y=0'"

T, =9, {lle;llsy}, i=1,...,n,
Yi =, I{llo;ll >y}, i=1,...,n,
nl=Y1_EYp i=l,...,n,
n={MNy....M,
WI=T1—ET,’ i=1,...,n,
v ={y,...,¥,},

& = z(In " - E NI I™), where ze B, |lzll=1, i=1,...,n,

€ ={§,....E}
Then 1; + y; = @; and r21 so (12) implies
n t n d n !
E ,Z’I(Pi < 2'_1[11‘: ,-Z"" +E i;‘l’i”]' (20)

<1 and v21 so(13)and (12) imply

< |~

E

Sof -

n
Z n;
i=1

t/v\V
J <

n v n n v
5 E( 2 ""i""”] = E(Z A’ = Elm ™) + 2E||ni||"VJ <
i=1 i=1 =
v n v
+ [; Ellnzll""] ]
=
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272 I. FAZEKAS, A. G. KUKUSH, T. TOMACS

v
Set V=cQ(v,8,E), W= (ZLI IEnn,.n"V) . As E is centered and (F, B)-
adapted, so this inequality and (11) imply

n t
E Z} n;
As v is centered, (F, B)-adapted and v/ 2 1, thus using (14) and (11) we have
n t
E|Y v < [IE
i=l
where U = (cQ(v, 8, ¥))""". Then (20), (21) and (22) imply
n t
EIY o <
i=1
We thus have to estimate terms U, V and W.

U) Set u = v(t+8)/t(v+8). Then u21, furthermore v+ 3 2 1, hence (15)
and (14) imply

Efly;II"*® < 2* g || T,|]V*8 < 2¥*3 (B || T+ 3) e,

<2V Y vew). v3))

n

Z\Vi

=

v\ !/V
] < U, 22)

Ty 4 2tVty 4t 2y (23)

Thus

C u v/i(v+8)
M,8,y)< Y (2V+5(IEII7;|| (V+5))l/u) _

)
(E”T”u(v+5))v/"(v+ )_ (24)

M=

2Y

i

L}

I{Ilg;ll < y @ |MV+D-1+8) ¢ yuv+8-(1+8) pecanse u(v +8) = (1+8) 2 0
Hence

u — 8
ENTIV® = E(Nlo 3 { [l ol < y} | @, [|“V+3- 03 <

< Q(stvh—l)“E”(pi“”s.
Using this inequality and (24) we get

Mv,8,y) < 20" "M@, 8,9) < 2V QY" (25)
(a) Assume that v <2. Then (25) implies

Q(v,8,y) = M(v,8,y) < 20"
(b) If t<2<v, then (25) implies

MY2(2,8,9) < (270%")"" =

2\/ Qv/t
hence
MM, 8, y) < 2VQoY'":

Q(v,d, y) = max {
Mv/2 2,38, \I’) < 2va/t.
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(c) Assume that 2<¢. Then because of (15) and || T;|| < || @;lI

M(2,8,y) = Z (EIIT ET"2+5)2/(2+5) <

“
< 2/(2+5)

< 4 (ElT|1**?) < 4M(2,8,¢) < 40%"
i=1

This inequality and (25) imply

Q(V,8, )=
‘v MVIZ(Z, 8’ W) < (4Q2/1)V/2 - 2VQVI'-

Cases (a), (b) and (c) imply that
Q(v.8,y) < 20"

{ M, 8,y) s2V0"",;

forevery 1 <t<v, hence

< (c2'Q"/)M = ¢M2lg,
V) Inequality (15) involves

s v+3§ 5 5
ENE I = Efin 7Y = Elln [ < 2V BE||n, 7.

This inequality, (18), (15) and || ;|| < || @;|| imply the next inequality

M(v,8,8) < 2V Z Inilliyssyy < 2° 2 Inillf.s <

n
< Vvt Z (]E"Y,.II”S)"(”S) < ZVHM(I, 5,(;)) < 2V+tQ‘
i=1

(a) Assume that v £2. Then (28) implies

Q(v,8,8) = M(v,8,8) <20
(b) Assume that t<2<v. By (27) and (15), we have

n
M(2,8,8) < 4 2 (]E"ni"t(2+5)/V)2/(2+8) <
i=1

n
< 4l+t/v Z (E‘l)’il‘t(2+8)/v)2/(2+8),

i=1

273

(26)

X))

(28)

(29

where we used that ¢+ 2 v/2. Now I{l|o;ll > y}ll(p,-ll'(2+8)/v'('+5) <

< y!@+8NV-(+8) pecause 1(2+8)/v — (t+8) < 0. So (29) implies
M(2,8,8) <

n -
_ 5)) 2(6+3)/t(2+8)
< 4l+r/v Qz((2+5)/v (r+8)/1)/(2+9) 2 ((]E||(p‘-||'+8)t/('+ )) '

Hence, using (19), we have

M(2, 8, {:’) < 4l+l/V Q2((2+5)/v—(t+5)/t)/(2+8) (M(t, 5, (p))2(1+8)/t(2+8) <

l+t/v 2/
Qo
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Using this inéquality and (28) we have
M, 8,8) <2"" g,
MV/2(2, 5, ﬁ) < (41+t/v QZIV)V/Z = oV+ 0.

(c) Assume that 2 < 7. We remark that (29) is valid in this case, hence

Q(v,8,&) = max {

M(2,8,8) < 41N Q220 5 0) <
< 4 1+t/vQ2/v—2/tQ2/t = 4l+t/vQ2/v.

(Here we used that I{|l@,ll > y}||@,]Il@*3/V-(2+8) < [ 1@+8Nv=(2+8) 14 (he
definition of Q.) Using the previous inequality and (28), we get
M(v,8,€) < 2V Q;
MV/Z(Z, 5, &) < (4l+t/V Q2/V)V/2 = v+t 0.
Cases (a), (b) and (c) imply that

Q(v,8,E) = max {

Q(v,8,8) < 2"

forevery 1<t<v, hence

| V<2, | (30)
W) Using (16) and (17) we have
n

n n
2 Bl < 3 (BNl - BRI < 27V Y @Elxi) .
i=1 i=1

=

Furthermore, I1{|l¢;ll > y}l@;]I' ¥ < y!-Y, hence

n n
2 Bl < 27V @1 S g1t
=1 i=1

As t+8 > v, we can apply (18)

n

> ElmlI"* < 270" M, 5,9) < 2V Q'

i=1
Thus

W<2'0. (31)
Finally, (23), (26), (30) and (31) imply

n
2 o;
i=1

This completes the proof of Lemma 3.

Corollary 1. Assume that for some fixed real constants v 21, §>0 and ¢ 21
and for any (F, B)-adapted centered family n = {n,,..., N, relation (11) is
satisfied. Then for any t with 1<t<v any (F, B)-adapted centered family ¢ =
= {Qy,...,9,} satisfies

t

E <2720 + 2V 2V g 4+ 2V 120 ) < 2%Vl 0.

ISSN 0041-6053. Yxp. mam. xypn., 2000, m. 52, N° 2



ON THE ROSENTHAL INEQUALITY ... ‘ 275

n t
E thp.
~“

where C = c207I*IEVI-DI8 g 15 95
Proof. According to Lemma 3, in each step we can decrease the exponent by §.
3. Proof of the Theorem.

Lemmad. Let T be a finite subset in 1, let h be a fixed positive integer, € >
>0. Let Y,, te T, be centered random variables with E | Y,IME <o, teT. Let

AlT) = Y, |E@,..Y,)l,

teT"

<CQO(1,3,9),

where T = {t|,...,f} € T" Then
A(T) < H® D(he,T). (32)

Proof. We omit superscript (o). We shall prove that for any positive integer h
h-2

Al(T) < (1 + Z Cuhe u)L(h D+ 3, (u)A M4, D). 33

Here 3" ()= 0for h=1and 3" ()= 0 for h=1,2 3. Random
variables Y, have zero expectation, therefore A;(T) = 0. Moreover, we shall prove

Ay(T) £ (1 + ¢ |)L(2,¢,T). 34)

We have
AT < Y IEY + Z 2 PIDI A S AR 35)

) teT u=lr=1 & n

where & = {f,....0}e T N = {f,...t0e T*" Yy =¥, ..V, , ¥ =
= th . ¥,,, moreover ZE Zn means summation for all & = {¢,..., ¢} e T"
= {tys1s-. st} € T"* 50 that the distance of sets {1, ..., t,} and {t,.,..., 1}
is r which is the maximal distance between complementary pairs of non-empty
subsets of {¢,...,#}. Remark thateach {t,...,t,}e T " should appear on the

right hand side of (35) i.e. we take into account the order of components of 1. Using
covariance inequality, we get

[EY Yyl S [EVEY, | + 8[ay(r,u, h—w)]P| el Il Yol (36)

where p = £ v= hte , b= h+€. Using Holder’s inequality, we obtain
h+¢g u h-u

/{(h :
Il Y§”v = (}EIY,I...Y,H|('”E)/")M (h+e) ¢

" /0]t /(h+¢€) ;
< [[H lEIY,,.I"”J } = TT % Hase- G7N
i=| i=1

Now, by (37), the inequality of arithmetical and geometrical means, and Lemma 1, we
get
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u

Z Z il gl < Z > H (A H (DA

n i=1 i=u+l
< _Z 2 (2 ”Y “h+e + z ("Y ”l;+g] =
i=u+l
< Y s b ulth—u= D= DU, (38)

teT

To explain the last inequality we remark that for any fixed s € T we can choose the

other u -1 members of £ at most (u—‘l)!b;"1 ways, the point closest to 1 at most
u ways, a point in distance r from that point at most s, ways, and the other A —u —1

1
points in 1 at most (h—u—l)!bf'“'l ways. Moreover, (h-1)! = L;— stands

because of the different orders of k elements. On the other hand

PN (3) A A (39)

Now, by (35), (36), (39), and (38), we get
h-1

nD < SIEF+ S (M) an s+ S %, cunulltlliee =

teT u=1l u=lseT

h-1 h h-1
< Z( )A ) A, um+[1 + Y cun- ,,)L(h,e 7,

u=1 u=1

which gives (33). The above arguments in the simple case of A = 2 imply (34).
Using Lemma 2 (33) gives (32).
Proof of Theorem. If h is an even positive mtegcr then

h
E [ Yy Y,) < A(T).

teT

This and Lemma 4 imply (1) for even /. For arbitrary / one can use Corollary 1.
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