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ON THE ROSENTHAL INEQUALITY FOR MIXING FIELDS
llPO HEPIBHICTh P03EHTAJUI ,llJUI nOJIIB,
mO 3A,llOBOJIhHHIOTh YMOBH nEPEMIIIIYBAHHH
A proof of the Rosenthal inequality for ex-mixing random fields is given. The statements and proofs are
modifications of die ones presented in the papers of Doukhan and Utev.

LlOBell.eHOlIepiBllicTb P03eIlTaJl.llAJI.lIBHna/lKOBHXnOJIiB, UlO33./lOBOJlbll.llIOTbyMOBH ex-nepeMiwy-
naHIl.ll. TBePA)KeIfH.lITa IlOBeJlelfH.lIe MO/lH<piKa1ti.llMHTeopeM Ta 1l0Be/leJlb, JlaBe/lelfHXB po60Tax
LlyKxaHaTa YTeBa.

1. Introduction and results. Rosenthal's inequalities are important tools to prove
consistency of some estimators for weakly dependent random processes and fields (see
e. g. Fazekas and Kukush [1]). The first version of such inequalities was proved in
Rosenthal [2] for independent random variables. Rosenthal's inequalities for mixing
sequences were presented in Utev [3] and for mixing fields in Doukhan [4]. However,
Doukhan remarks that the proof of the interpolation lemma in Utev [3] is "not clear"
(see Doukhan [4, p. 27]). Actually, the first inequality in the expression preceding
(4.4) in Utev [3] seems to be not valid. Therefore, one can not use Lemma 4.1 of Utev,
so the extension of Rosenthal's inequality from positive even integer exponents to
arbitrary positive real exponents is an open problem. On the other hand, Doukhan [4]
presents Rosenthal's inequalities for (X-mixing and for <p-mixing fields. However, by
the opinion of the authors of the present paper there is a gap in the proof of Theorem 1
in Doukhan [4, p. 29] .

The aim of this paper is to give a version of Rosenthal's inequality for (X-mixing
fields. The results and proofs here are slight modifications of the ones in Doukhan [4]
and Utev [3]. The authors want to summarize what is clear in the above mentioned
papers concerning the topic. Similar considerations can be made in the <p-mixing case
(see also Remark 4 in Doukhan [4, p. 32]).

Let (n,:T, IP) be a probability space. Random variables are supposed to be

defined on (12, :T, IP ~ Let .9l and 'B be two cr -algebras in :T. The (X-mixing
coefficient is defined as follows,

The covariance inequality in Ihe (X-mixing case is the following (see, e. g. Doukhan
[4, p. 9])
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Let I be the set of integer lattice points in jRd, d ~ I. jRd will be considered with

maximum norm and the distance generated by that norm. Let {Yt: tel} be a set of
random variables. The a -mixing coefficient of Y is

a y(r, Lt, v) = sup {a( .1i(' .1i
2

):

distance(lI,I2) ~ r, card(/I) ~ u, card(/2) ~ v},

where II and 12 are finite subsets in I, .1i. = cr{ Yt: t e Ii}' i = 1,2.,
Let T be a finite set in I. Introduce the following notation

L(J.l, £, 1) = L (1E1Y,1~+E)~/(~+E)= L IIY,II~+E'
teT teT

{

L(h,0, T), if O<h~l, £~O;

b(h,£,1) = L(h,e,T), if l<h~2, E~O;

max{L(h, e, T), [L(2, E,n]h/2}, if 2 < h, £ ~ O.

Let sr and br denote the number of points of I in a sphere with radius rand
center in I and in a ball with radius r and center in I, respectively: sr = card ( {t:
IItll = r}nI), br = card({t: 1It11~ r}nI). Let

-c~~Lu = 8u! (h - u -I)! (h -I)! L [ay (r, u, h - U)]E/(h+E) srb;-2.
r=1

The following theorem is a version of Theorem 1 in Doukhan [4, p. 26].
Assumptions here are stronger than those of Doukhan [4]. Explicit formulae for the
constants are given.

Theorem. Let I > 1 and £ > O. Let Yl' tel, be centered random variables
with lEI Y, I[+E < 00, tel. Let h be the smallest even integer with h ~ ~ 1.

Assume that c~~Lu < 00 for u = 1, ... , h - 1. Then there is a constant K (a)

such that

IE L Y, ~ K(a)D(l, E, 1),
te T

for any finite subset T of I.
Remark 1. Kea) does not depend on T but it depends on the mixing coefficients

and I: K(a) = Hka) C[, where
h-I h-?

H(a) - 1 + "'" c(a) + "",- (h) H(a) H(a)
h - £..J u.h-u £..J u u h-u '

u=1 u=2

where we suppose that 0 < £ < 1/2. If I is an even integer then one can put Cl = 1.
. .

Remark 2. Inequality (1) is always satisfied for 0 < I ~ 1 if we replace K(a)
with I.

Remark 3. The above result is valid in the following slightly more general setting.
If I is a regular pattern in IRd then sr should be replaced by sr = card ( {t: r- 1 <



< II t II ~ r} n I), i. e. sr denotes the number of points of I in a ring with radius r,
thickness 1 and center in I.

Remark 4. For d = 1, i. e. for mixing sequences see Doukhan [4, p. 26] .
2. Auxiliary results and interpolation lemma.
Lemma 1. Let L be a finite subset in a metric space (M, P ). Suppose that the

minimal distance of two non-empty complementary subsets of L is r. Then one
can choose two non-empty complementary subsets A and B in L such that the
distance of A and B is r and there exists a connected graph with edges not
longer than r and with set of vertices A, and the same for B.

Proof. Let s, t E U ~ L. We shall say that s is r -connected with t in U if
there exists a connected graph with edges not longer than r and with vertices in U,
moreover sand t are vertices of this graph. Let SI and S2 be two non-empty
complementary subsets of L such that p (SI ' S2) = r. Let tIE SI' t2 E S2 such that
P(tl,t2) = r. Let Sp> ~S; be the set of points r-connectedwith t; in Sj, i = 1,2.
Now, p({S}l} usil>},{(SI -s}I»U(S2 -sil})}) ~ r. But r is the maximal ~stance
between subsets of L, therefore either the second subset is empty or the distance is r.
In the first case we are ready. In the second case let S/l} ~ SI - sil> be the set of

points r-connected with sil} in (SI - sil}) U sil}. The definition of sjI> is similar.

Obviously S/I) U sjI) :F- 0. Now, consider (Sl - S/I» U sil} and (S2 - sil}) U S/l} .
The distance of these two sets is r. Moreover, in these sets the number of points r-

connected with tl in (SI'- SI(1)}Usil) or the number of points r-connected with t2

in (S2 - sjI» U Sl(l) is greater than at the starting situation. Repeating the above
procedure we obtain the result.

The following lemma is a version of Lemma 2 in Doukhan [4, p. 29]. There the
lemma is stated for even integer (a + b) with (a + b) ~ 2.

Lemma 2. If 0 ~ 0, a ~ 2 and b ~ 2 are real numbers then
D(a, 0, T)D(b, 0, T) ~ D(a + b, 0, T).

The proof will be based on Holder's inequality:

1. Let X and Y be real random variables. If p> 1 and q = pi (p -1) then

JE IX YI ~ IIX lip II Y II q'

Lv = L(v, 0, T),

Dv = D(v, 0, T),

X, = l'; EiI/2 for t E T,

Lv = L IIX, 1I~+5'
leT

D~ = ~ v (L;) v/2 if v ~ 2,

c = a + b.

L-----------------------------------



I:v = L (IEP'; L2112IV+/)r
/
(V+/) = CiV/2 Lv,

te r

D~ = CiV/2 Lv V L:i.V/2 L:i.12 = CiV/2 Dv' when v ~ 2, (4)

D~ = Cv v (r;) v12 = I:v vI, when v ~ 2 .

This equality implies for any a ~ 2 and b ~ 2

D; D; = L: L; v L: v L; v 1.
(a) First we assume that a> 2. Set

(e +B)(a - 2)
u = -----

e-2
and v = (2 + B)(e - a) .

e-2

Then u + v = a + B, hence, using (2) with p = e + Band q = 2 + B we obtain
u v

IEIXtla+~ =. E~Xtlu+v ~~IXtlulI(c+/)/uIIIXtlvlI(2+/)/v'
This inequality implies

ua avr=--- s=---
e(a + B) , 2(a + B) .

As 0 < r < ale < I, we can apply (3) with p = llr, q = 1/(l-r) to get from

(8)that L: ~ (L;YAI-r, where A = Lter IIXtlli~JI-r). As sl(l-r) ~ I, from

(5) we obtain A ~ I, therefore L: ~ (L;Y. Hence, if L: ~ I, then L; ~ 1.
Therefore, as 0 < r < a I e < I,

L: ~ (L;y ~ (L;.)alc ~ L;., if L: ~ I.

(a') Now, we concentrate on the case a> 2, b> 2. Then (9) is valid for b:

L; ~ (L;)hlc ~ L;, if L; ~ 1.

These inequalities imply L; L; ~ L; v 1. Therefore, using (7), (9), (10) and (6)
we have

D*D* < (T* 1) L* L* L* 1 D*a b - '"'cv V aV b = cV = c'

Hence, using (4), we get the statement.

(b) Now, we assume that a = b = 2. Then using (7), (5) and (6), we get

Di n; = 1 ~ 1v L~ = D;.
Hence, using (4), we obtain the statement.



D*D*- *<D*a 2 - Da - c'

Hence, using (4), we have the statement.
(d) Finally, if b> 2 and a = 2 then the proof is the same as in (c).
This completes the proof of Lemma 2.
The following interpolation lemma is a version of Lemma 4.4 of Utev [3] and

Lemma 1 in Doukhan [4, p. 27].
Let B be a separable Banach space with norm II II. Let F = {J), ... , J;,} be a

family of sub a-algebras of the a-algebra J', and 11 = {1l1' ... ,11 n} be a family of
centered random variables. The family 11 is said to be (F, B)-adapted if 11; is B-
valued and .7j-mesurable. We shall use the following notation:

~ ( II Ilv+S)V/(v+S) ~ II IlvM(v, 0, 11) = £.i lE 11; = £.i 11; v+S'
;=1 ;=1

if I ~ v ~ 2;

if v> 2,

where a v b = max {a, b }. I {A} denotes the indicator function of the set A.
Lemma 3. Assume that for some fixed real constants v ~ I, 0 > 0 and c ~ I

any (F, B)-adapted centered family 11 = {1l1' ... , 11n} satisfies

Set to = 1 V (v /2) v (v - 0). Then for any t with to ~ t ~ v and allY (F, B)-
adapted centered family <p = {<p I' ..., <p,') satisfies

E II~'1';II'$ <2'v-l Q{t, 0, '1').

We remark that c ~ I is the consequence of the other assumptions. In order to
prove the lemma we require the following known inequalities.

1. (Cp-inequality.) If x, Y E Band p ~ I then

IIx+yllP ~ IIxW} + lIyllP.
2. Let X be a B -valued random variable. If p ~ 1 then



where JEX is the Bochner integral.

3. If X is a B-valued random variable and 0 < q Sp then

IIXllq S IIXllp

j~ lajlP S (~Iajlr.

Proof of Lemma 3. Let q> = {q> I•... , q>,J be a centered (F, B)-adapted family
of random variables and to S t S v be a fixed constant. Set

Q = Q(t, a, q»,

Ql/tY = ,

Ti = q>i I { IIq>j II S y }, i = 1, , n,

Yj = q> j I {II q> j /I > y } , i = 1, , n,

'l' = {'l'I' ..., 'l'n},

~j = z ( 1111 ;Ilt/V - JE 1111 ;IIt/V ), where z e B, IIz II = 1, i = 1, ... , n,

~ = {~I'···' ~n}·

i S 1 and v ~ 1 so (13) and (12) imply
v

~ E (,t,II~;II"V r = IE (t, (1I~;II'/V- EII~dl"V)+ ~ £1I~dl"J s

S 2v
-
1

( JE IIt ~i IV + (t JElllliW/V)V).l 1=1 1=1



Set V = cQ(v, 0, ~), w = (I;=I lEII,,;Ilt,vf. As ~ is centered and (F, B)-

adapted, so this inequality and (1]) imply

where U = (cQ(v, 0, 'lfnt/v. Then (20), (2]) and (22) imply

E II~'l'ill' ~ 2'-'U + 2'+v-'V + 2"~'W.

We thus have to estimate terms U, V and W.

U) Set u = v(r+ 0)/ t(v + 0). Then u ~], furthermore v + 0 ~ ], hence (15)
and (14) imply

lEII'If;!Iv+o::;; 2v+olEIITdlv+o::;; 2v+O(lEIITdlu(v+O»)I/u.

M(v, 0, 'If)::;; i (zv+O(lEl!T;IIU{v+ol)l/uf/(v+ol =
;=1

= 2v i (lEIIT;IIU(v+olf'U(v+O).
;=1

I {II q>;I1::;;y} II q>;IIU(v+O)-(t+ol::;; yu{v+O)-(t+o~ because u(v + 0) - (t + 0) ~ O.
Hence

::;; Q(t+O)(V,t-ll,tlElI q>;W+o.

Using this inequality and (Z4) we get

M(v,o, 'If) ::;;ZvQvlt-IM(t,O,q»::;; ZvQv/t.

(a) Assume that v::;; Z. Then (25) implies

Q. s:: I:: v Vlt(v, u, 'If) = M(v, u, '1') ::;;z Q .
(b) If t::;; 2 ::;;v, then (25) implies

MV/2(2, 0, 'If) ::;; (22Q2/t)v/2 = ZV QVlt,



(c) Assume that 2::;;t. Then because of (15) and II Tdl ::;; II <pdl

M(2, 0, 'If) = i (1E1I1i - 1E1i1l2+8)21(2+8) ::;;
i= 1

::;; 4 i (1E1I1i1l2+&)21(2+&) ::;; 4 M(2, 0, <p) ::;; 4 Q2/t.
i=1

This inequality and (25) imply

{

M(v,O,'If)::;; 2vQv/t;
Q(v, 0, 'If) = max

MV/2 (2,0, 'If) ::;;(4Q2It) v/2 = 2v Qv/t.

Cases (a), (b) and (c) imply that

Q(v, 0, 'If) ::;; 2v Qv/t

U ::;; (c2vQv/t)t!v = ct/v2tQ. (26)

V) Inequality (15) involves

IEII~dlv+& = 1E11l1ldlt/v _IE/Illdit/vlv+& ::;; 2v+&lEllllill'(v+&)/v. (27)

This inequality, (18), (15) and II Yi II ::;; II <Pi II imply the next inequality

n n
M(v, O,~) ::;; 2v L lI11dl~(v+&)/v ::;; 2v L lI11dl~+& ::;;

i=1 i=1
n

::;; 2v+t L (1E1IY;W+&)t/(t+&) ::;; 2v+t M(t, 0, <p) ::;; 2v+t Q. (28)
i=1

(a) Assume that v::;;2. Then (28) implies

Q(v, O,~) = M(v, O,~) ::;; 2v+tQ.
(b) Assume that t::;; 2::;;v. By (27) and (15), we have

n
M(2, O,~) ::;; 4 L (1EIllldlt(2+&)/V)2!(2+8) ::;;

i=1
n

::;; 41+t/v L (lEli y;W(2+&)/V)2!(2+&) ,
i=1

where we used that t ~ v /2. Now I { II <pdl > y} II <pdlt(2+&)/V-(t+&) ::;;

::;; y'(2+&)/V-(t+&~ because t(2+0)/v - (t+O)::;; O. So (29) implies

M(2, O,~) ::;;
n •

::;; 41+t/v Q2«2+8)/v-(t+8)/t)/(2+&) L (IE/I<PiW+&)t/Ct+&»)2(t+&)/t(2+8).

i=1
Hence, using (19), we have

M(2, O,~) ::;; 41+t/v Q2«2+&)/V-(t+&)/t)/(2+8)(M(t, 0, <p»)2(t+&)/t(2+&) ::;;

::;;41 +t/v Q2/V.



M(2, o,~) :s; 41 +t/V Qz/v-z/t M(2, 0, <p) :s;

:s; 4 I+t/V Qz/v-z/t QUt = 41 +t/V QZ/v.

(Here we used that I{II<pill > y}lI<piW(z+O)/v-(z+O):s; yt(z+O)/v-(z+O) and the

definition of Q.) Using the previous inequality and (28), we get

{
M(v, o,~) :s; 2v+t Q;

Q(v, o,~) = max
Mv/z(2,0,~):s; (41+t/vQz/V)v/z = 2v+tQ.

Cases (a), (b) and (c) imply that

n nL lElIlldlt/v :s; L (lElIY; - JEY;IDt'V
i-I i-I

n
:s; 2t/V L (lElIY;IDt/V.

i-I

Furthermore, I{ II<pill > y}lI<pilll-V:s; yl-V, hence

n nL lElIlliW/v :s; 2t
/
v QI/V-I L lI<pill~.

i-I i-I

nL lElIlliW/V :s; 2t/v QI/V-I M(t, 0, <p) :s; 2'/V QI/V.
i-I

W:s; 2'Q.

Finally, (23), (26), (30) and (31) imply

IElit. 'P,II' S 21-1(c'''' 2' Q + 2v-1 C 2v+, Q + 2v-1 2' Q) S C 24v-.' Q.

This completes the proof of Lemma 3.
Corollary 1. Assume that for some fixed real constants V ~ 1, 0 > 0 and c ~ 1

and for any (F, B)-adapted centered family 11 = {lll"" ,1lJ relation (II) is
satisfied. Then for any t with 1:S; t:S; v any (F, B)-adapted centered family <P =
= {<p I' ... , <Pn} satisfies



h C = 2(V-l+oX2v+2t-1 )/0 if t> 21::were C I _ u.
Proof. According to Lemma 3, in each step we can decrease the exponent by O.
3. Proof of the Theorem.
Lemma 4. Let T be a finite subset in I, let h be a fixed positive integer, E >

>0. Let Yt, te T, be centered random variables with lEIYtlh+£ < 00, te T. Let

Ah(T) = L IlE(Yr
1

•• ·Yr
h
)1.

teTh

hwhere 't = {tl, ... , th} e T. Then

Ah(T) ~ H~a) D(h, E, T) .

Proof. We omit superscript (<X). We shall prove that for any positive integer h

Ah(T) ~ (I + %: CU,h-U) L(h, E, n + %(~)Au(nAh-u(n. (33)

~h-I ~h-2
Here Lu=1 (-) = 0 for h = I and L

U
=2(') = 0 for h = 1,2,3. Random

variables Yt have zero expectation, therefore A I (T) = O. Moreover, we shall prove

h-I _

Ah(T) ~ L IlEYrhl + L L L L IlE~ YTJI.
teT u=1 r=1 ~ TJ

where ~ = {tl' ... , tu} e TU, 11 = {tu+I, ... , th} e Th-u, Y~ = Ytl .. · YIII' YTJ=

= Yt ... Yt ' moreover ~!' ~ means summation for all ~= {tl, ... , tu} e TU,
11+1 h L ..•LTJ

11 = {tu+I, .. ·,th}e Th
-
u so that the distance of sets {tl, ... ,tu} and {tu+1, ... ,tJ

is r which is the maximal distance between complementary pairs of non-empty
hsubsets of {tl,· .. , tlr}' Remark that each {tl, ... , tJ e T should appear on the

right hand side of (35). i.e. we take into account the order of components of 't. Using
covariance inequality, we get

IlEY~Y'l1 ~ IlEY~lllEY'l1 + 8[ay(r,u,h-u)]PIIY~lIvIIYTJIIJl' (36)

hE h + E h + E U· H"'ld" I' b .were p = --, v = --, Il = -- smg 0 er s mequa ny, we 0 tamh+E u h-u

Now, by (37), the inequality of arithmetical and geometrical means, and Lemma I, we
get



u hIt It IIY~lIvIlY11I1~ ~ It It II(IIY,; 1I~+E)llh II (IIY,; 1I~+E)llh ~
~ 11 ~ 11 i=l i=u+l

1 ( u h )~ ht t i~ IIY,; 117,+E + i=~+l (IIY,; 117,+E ~

~ It srb:'-2u!(h-u-1)!(h-1)!II~.II~+E·
leT

To explain the last inequality we remark that for any fixed SET we can choose the
other u - 1 members of ~ at most (u -I)! b~-l ways, the point closest to T\ at most
u ways, a point in distance r from that point at most S r ways, and the other h - u - 1

points in T\ at most (h-u-1)!b~-U-1 ways. Moreover, (h - 1)! = h! stands
h

bec~use of the different orders of h elements. On the other hand,

f It It IIEY~IIIEY111 ~ (:)Au(T)Ah_U(T).
r=1 ~ 11

Now, by (35), (36), (39), and (38), we get

h-I h-I

Ah(T) ~ It IIEY,hl + It (:)Au(T)Ah-U(T) + It It cu.h-uIlYsII::+E ~
reT u=1 u=I.l'eT

~ %: (:)Au(T)Ah_U(T) + (1 + ~~ CU.h_II)L(h,E, T),
which gives (33). The above arguments in the simple case of h = 2 imply (34).
Using Lemma 2 (33) gives (32).

Proof of Theorem. If h is an even positive integer, then
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