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1. Introduction and Notation

There are several methods to obtain almost sure (a.s.) convergence results
for random fields (see e.g. [14], [9], [8], [5] and the literature cited there).
The aim of our paper is to present a general approach to obtain strong laws
of large numbers (SLLN) for random fields. Our method is an extension of
the one given in [6]. In [6] only random sequences (i.e. not fields) were
considered.

The paper is organized as follows. Section 2 contains the main result
(Theorem 3). Once a maximal inequality is known, Theorem 3 easily implies
an SLLN and it helps to obtain appropriate normalizing constants in the
SLLN. The remaining sections contain applications. In Section 3 an SLLN
is presented for logarithmically weighted sums. We remark that such kind
of SLLN’s are useful to prove almost sure central limit theorems (see e.g.
[3]). In Section 4 the case of fields with superadditive moment structure is
studied. In Section 5 a Brunk—Prokhorov type SLLN is presented. Section 6
is devoted to mixingales.

In the following Ny and N denote the set of nonnegative and positive
integers, respectively. Let d be a fixed positive integer. Throughout the paper
I1,J, K, L, M and N denote elements of Ng (in particular, elements of N ). If

an element of N‘é (or N ) is denoted by a capital letter, then its coordinates are
denoted by the lower case of the same letter, i.e. N always means the vector
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(n1,...,ng) € NJ. We also use 1= (1,...,1) € N and 0 = (0,...,0) € Nd.
In Ng we consider the coordinate-wise partial ordering: M < N means
m<n, i=1,...,d (M < Nmeans M < N and N#M), N — oo
is interpreted as n; — oo, i = 1,...,d, limp apy is meant in this sense. In
Ng the maximum is defined coordinate-wise (actually we shall use it only for

rectangles). If N = (ny,...,ny) € Ng then (N) = H?:] n;.

A numerical sequence ay, N € N4, is called d-sequence. If ap is a
d-sequence then its difference sequence, i.e. the d-sequence by for which

2 M<N by =an, N € N, will be denoted by Aay.

We shall say that a d-sequence a is of product type if ay = H;jﬂ a,(,? ,

where a,g’;.) (n; =0,1,2,...) is a (single) sequence for each i = 1,...,d.
Our consideration will be confined to normalizing constants of product type:
by will always denote by = id=1 b,(l';.), where b,(,';.), ni =0,1,2,...,is a
nondecreasing sequence of positive numbers for each | = 1,...,d. In this

case we shall say that by is a positive nondecreasing d-sequence of product
type. Moreover, if for each i = 1,...,d the sequence b,(,ii) is unbounded, then
by is called positive, nondecreasing, unbounded d-sequence of product type.

The random field will be denoted by Xy, N € Ng. Sn is the partial
sum: Sy = ZMSN Xy for N € Ng. As X}y is a field with lattice indices
we shall say that Xn, N € Ng, is a d-sequence of random variables (r.v.’s).
Remark that a sum or a maximum over the empty set will be interpreted as
zero (ie. D neg XN = maxyeg Xy = 0 if # = 0). As usual, log*(x) =
= max{1,log(x)}, x > 0.

2. The Basic SLLN

The proposition and lemma below are useful for proving Theorem 3.
Proposition 1 and its proof are straightforward generalizations of Theorem
1.1 and its proof in [6]. Note that there are several other ways to obtain
maximal inequalities of this type: see for example [8).

PROPOSITION 1. (Héjek—Rényi type maximal inequality.) Let N € N4
be fixed. Let r be a positive real number, apn be a nonnegative d-sequence.
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Suppose that bpy is a positive, nondecreasing d-sequence of product type.
Then

IE{ max |SL|r} < Z ar, VM <N
L<M L<M
implies

.
M d aMm
}34 Do

{ S
E<{ max 5

PROOF. Without loss of generality we can assume that by = 1. Fix an

N € N and for a moment a real number ¢ > 1. For [ = (i1,---,0ig) € Ng let
us define the set

dAr={JeN! : J<Nand ck <bl) <c*l, k=1,..,d}.
Now we can form »
Dy = Z ay and K =max{I] : 4;=0},
Je.ﬁ[

where Dj as we mentioned above is considered to be zero if 4y = 0. Note
that K is well defined because of product form of by . It is easy to see that
each nonempty 4 has a maximal element. Therefore if 470 let

Mr=max{J : J e}
otherwise set My = 0. Since | ;< x # covers the rectangle (MeNd : M<

< N} so
S|
by

Sul”
ol )= B

E { max 3
M J<K

M<LN

By the definition of j, My and D; we get
r d
ZE{max }SZ{HC”’jm}E{maXIS[V}S
IEA] J<K \m=1 IE.,&J
d
Z {Hc_”’"} {max |Sr|” } Z {Hc‘”’"} Z ay <

J<K J<K I<M;

SO G ENL ) G E

J<K \m=1 I<J I<K  I<JI<K
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d km —rim
2 D [[{2 e h<> o I .
< m=1 | j=im I<K m=1

d d
e sz o) fro-

I<K \Jed; m=1

d a

e edi) sy
I<K Jed; J<N J

r

= 4. I

This proves the proposition because inf,,; ]_CC_,

LEMMA 2. Let ay be a nonnegative d-sequence and let by be a pos-
itive, nondecreasing, unbounded d-sequence of product type. Suppose that

>N ZTN < +0o with a fixed real r > 0. Then there exists a positive, nonde-
N

creasing, unbounded d-sequence 8y of product type for which

. BN an
lim>~— =0 and E — < 400

PROOF. Clearly it is enough to prove for r = 1. In case of d = 1 one can
find our proposition in [6, Lemma 2.2]. Let d > 2. Then

1
+°°>ZZ Zb(l) > ZWT"I
N np Ury

ny np,..hg Hm—Z b(m)

with T, = an’ na T d b(”‘) Applying the above mentioned lemma of [6],

we get that there exists an unbounded, positive, nondecreasing sequence ﬂ,(,l)
so that
(1)

1
lim “2r G =0 and ) —= Ty, <-+oo.

If we have already obtained ,3,(,'") for m = 1,...,k, k < d then replacing
in the above procedure by by an (m) Hm—k +1 b(':i) and coordinate 1 by
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coordinate k + 1 we get an appropriate ﬂ,gkﬂ) . Finally, by setting By =

= anﬂ ﬁ,(,'rz), it obviously satisfies the requirements. 1
The following theorem is an extension of Theorem 2.1 of [6].

THEOREM 3. Leta N> bn be nonnegative d-sequences and let r > 0. Sup-
pose that by is a positive, nondecreasing, unbounded d-sequence of product
type. Then

aNn
b’ < +oco and ]E{maxM<N|SM| } <X m<nam YN eN
imp]y
lim —— SN =0 as.
N bN

PROOF. Let B be the sequence obtained in the previous lemma. Accord-
ing to Proposition 1:

,
am d
]E{max — }§4d Z -5 VN e N,
M<IN |Pym MSNﬂM
Hence
,
an
E< sup...sup|-— <44y 2N
s s i
Since
r r
sup sup —sup
ﬂN ﬁN
it follows from the foregomg that _
Sn |
sup |>—| <+oco  as.
N BN
We have
Sn|_BN SN‘ < BN p‘ I
by| by |Bn |~ BN K Bk
: BN _
This proves the theorem because limy b—% =0. i

DEFINITION 4. A function g on N¢ x N? s said to be superadditive if
8 (LGt sdmetsksimatse-rda)) +8 (it osimetok + Limytse-vsig), J)
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can be majorized by g(I,J) for any m = 1,...,d and for any ip, < k < jp.
A d-sequence of random variables is said to have r-th moment function of
superadditive structure (M FSS) if

.
Eq| > Xg| p<gd,)* VIJeN,
I<K<J

where g is superadditive on N x N, r > 0 and @ > 1. Remark that the
notion of r-th MFSS was used by Méricz in [11].

REMARK 5. Maximal inequalities play important role in proving SLLN’s.
We shall frequently use the following result of Méricz (see [9, Corollary 1]
or [12, Theorem 7]):

Suppose that r > 1 and Xy has r-th MFSS. Then there is a constant
Ar o 4 for which

rl < 1, N)* N,
E{Ir(nsa%lSKI }_Ar,a,dg(, ¥ VN e

The reader can verify that the above proposition is true in the case of
O0<r<l,too. ]

3. Logarithmically Weighted Sums

Mori in [15, Theorem 1] proved that the sequence

I X

— Zk

log™n P k
converges a.s. to zero under general assumptions. With their general method
in [6] Fazekas and Klesov proved a special case of Méri’s theorem. Now we
extend this case to fields of random variables. Our method is a generalization
that of [6]. Our Lemma 6 and Theorem 7 are extensions of Lemma 9.1 and
Theorem 9.1 of [6], respectively. In the lemma below [x], x > 0 denotes the
integer part of x, i.e. [x] is the largest integer for which [x] < x.
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LEMMA 6. (a) Letn € N and 0 < § < 1. Then there is a constant Cy g
depending only ond and 8 such that:

] [W] |
DD Gy S Cag n Gog"mi,

my=1 mp=1 my=1

() LetO<B<1,1<y <2, I,M,JeN I<M<]J. Then thereis a
constant C; g depending only ond and B such that:

Y

1 1 1 1
2 2, DO o Iy R < 0\ 2 Ty

ISM<J I<K<J
(K)<(M)

PROOF. (a) The case d =1 is well known from elementary analysis. We
prove by induction on d. Suppose that the statement is true for d = f. Let
n € Nand 0 <f < 1. Then

2] [Wmlm;...mf] 1
S5 Y
m=1 my=1 mfy1=

" [m”—] [—mlmS--'mf]

-2

1m1

1
myp-- .mf)l_ﬁ )

mp =1 mf+1=1 (

Now applying the hypothesis for [,—n"—l] we get that the above expression is

majorized by:

B f-1 A |
G 1 +{l]} < CognPlogtny 1S —<
18 Z [ ] {Og - < G gnP (log* ny El —

m11

< (,},ﬂnﬂ(log+ nY " 1Clog*n

with certain C > 0 (here we used the fact [ [‘i—]] = [£] fora,b,c € N).
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(b) In case ZISMSJ (1\14_) <1 we get that

1
Z Z (M)“ﬁ(log’*(M))d_l(K)l“/s <

ISM<J I<K<J
(Ky<(M)
1

Z Z <M>1+/3<K>1—/3 <

ISM<J I<K<J
(K)Y<(M)

2 Y
1 1
 I<M<s 1<K% )( ) - {I§M§1<M>} _{ISM51< )}

(K)<(M )
In case > I<M<J ﬁ > 1 using part (a) and the simple fact, that

["] [W] | |

holds for all n,d € N, we get that

1
2 M) (log* (M))d-1 2

I<SM<J { I<K<J
(K)<(M)

T (M M) (log* (M))?~1 =

1

&P =

<cC
w 3 G

=Cyp Z Cdﬁ{ > <—A14>}y 1

I<M<J I<M<J

THEOREM 7. Let XN, N € N¢, be a d-sequence of random variables and
suppose that for some C > 0,8 >0

B
IE(XKXL)|SC{<<I§>> } (10g+<1L))d_1 if (K) < (L),

Then
1 X
K. 0 as.

hm———
Hdllog n KN (K)
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PROOF. Clearly it is enough to prove for 0 <f < 1. Let I,J € N, T <.
Using the assumptions we get:

2

B P2 Y Y aplExD| <

I<K<J I<L<J I<K<J
(K)<(L )

1
s2¢ Z Z 1+ﬁ(10g { ))d——lf

I<LLT ISK<T
(KY<(L >

Let 1 <y < 2. It follows from Lemma 6(b) that

2 4

X 1
ES| 2 Tl (SPesy X o

I<K<J I<L<J
where D, > 0 depends only on 4 and B. Now, from Remark 5 we get that

2 Y
Xk |
E ¢ max Z— Scd,ﬂy Z— vJ,
I<T 1kt (K) K<J (K)
where C; 5 ,, > 0 depends only on d, B and y. From the Holder inequality we
have:

<IN

Xk 1 1
E < max E — S(Cd,ﬁ,y)y E — vJ.
1<7 | o= (K) 5= (K)

Now we can apply Theorem 3 because

1 1
Z(N)

Now we state some analogues of Theorem 7.

REMARK 8. Let Xy be an orthogonal d-sequence of random variables,
r>0ands > 1% Suppose that for some C > 0

E(X%) < C(K).
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Then for any p > 1

1 X,
lim K

=0 as.
p
N {H?:] 1°g+”i} K<N (K)*

For the proof one can use the d-multiple version of the Rademacher—
Mensov inequality [9, Corollary 3a). ]

REMARKO. Let 0 <r < 1and 0 < s < 3—37 Suppose that for some
C>0

C(K)Sr .
X X1)| < f(K) < (L).
Then
) 1 Xk
lim =0 as.
I—
N (N KZSN (&)
The proof is similar to that of Theorem 7. 1

4. Sequences with superadditive moment structure

In this section we prove a Marcinkiewicz-Zygmund type SLLN for
d-sequences with superadditive moment structure. Our Proposition 11 is a
generalization of Theorem 8.1 of [6]. For the sake of completness we start
with a simple technical lemma on partial summation.

LEMMA 10. Letay, by be nonnegative d-sequences such that by = (NIW

for some a > 0. Then

D (1) AyAbyg < +00
N

implies
ZaNbN < 400,
N

where AN =3 pr<n am- |
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PROPOSITION 11. Letr > 0,a > 1 and suppose that Xy has r-th M FSS
and Ag(1, N)* is nonnegative for any N € N¢. Then for arbitrary g >0

g(1, N)*
) S S <+
Z <N)1+ZI-

implies

lim =0 a.s.

(N)4
PROOF. Using Remark 5 we get for all N € N that:

JE{ ma’I‘VlSMV} < Arga LN

M<
Let us introduce the notation by = —. Since an:l —IL- s
(N4 nd (D)9
<C 11 ~ for some C >0, so (I) implies
(N) "9
S (=181, NY* Abyyy < +0.
N
Finally, we apply Lemma 10 and Theorem 3 to obtain the result. ]

5. A Brunk-Prokhorov Type Theorem

Let (Q,4, P) be a probability space. Let X and AN be a d-sequence
of random variables and be a d-sequence of o-subalgebras of 4, respectively.
We shall say that the pair (X, ) has property (ex) if

ex)  E(EXLMaKN) =E(Xdminm, ) LMNE N

This property is widely used in the theory of multiindex martingales (see e.g.
[5]). Let X be a d-sequence of random variables and 4 a nondecreasing
d-sequence of sub g-algebras of 4. We say that Xy is a martingale difference
if

Xp is measurable with respect to Ay, N € N,
E(X;)=0 and E(Xn|dp)=0 if M <N.
In this section we shall use the Doob and the Burkholder inequalities for

d-sequences of random variables. For the sake of completeness we state and
prove these inequalities in the lemma below.
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LEMMA 12. (a) (Doob’s LP-inequality.) Letp > 1. Then for any martin-
gale (X, N) having property (ex) for arbitrary N € N4

pd
E{Aflng]i,lXMlp} < {p%l} E(| XN P).

(b) (Burkholder’s inequality) Let p > 1. Then there is a constant D, 4
such that for any martingale difference Xy having property (ex)

p
E(Sn ") < DB | > X% VN e N,
M<N

PROPOSITION 13. Let X be a martingale difference ha ving property (ex)
andp > 1. Suppose that Yy, N E(1Xp|%) < C(NY' for some C > 0 and

r <p+1. Then limy (iNN; =0 as.

PROOF. From Burkholder’s inequality (Lemma 12(b)) and Hélder’s in-
equality

p

E(ISn1?) < DypoB{ { 3 X3 b & <
M<N

< Dopo(NY™H 37 E(1Xul?) < D p(NYPH 1,

M<N

Thus, by Doob’s inequality (Lemma 12(a)),

E< max |[Spy|? ¢+ < F M)p+r—l
{M |M|} a2 D A

M<N

for some constant Fyp, 5 > 0. Now A(M)P*" =1 < C(M)P*"~2 and Theorem
3 implies the result. |

PROPOSITION 14. Let Xy be a martingale difference having property (ex)
and let p > 1. Suppose that B(| Xx |?P) is d-sequence of product type. Then

I« 400

E(X 121’)
S -
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implies limp b_ =0 a.s., provided that by is a nondecreasing, positive, un-

[
bounded d -sequence of product type and eitherp = 1 or %%— is nonincreasing

for some 8 > 132—_1;1.

PROOF. Applying Lemma 12(b), Holder’s inequality and Lemma 12(a)
we get

E Sul?® b < C, (NP E(| X%
{ipss Iswl? | < Gty 3 B

for some C,4 > 0. In case p = 1| our main theorem and the above
inequality imply the result. Let p > 1. Introduce the notation cy =

= (N)P~1 >_M<N E(| Xaz|%P). It is easy to see that

d n; nl——l
-1 ! —
ACN=H ny Zalg)—-(nl—l)p ! Zalgl) =
l:l k:l k=]
d nl—l
-1 -1 -
ot ot -y} a0 L <
k=1

=1

n—1

d
[T {n e ™ Y o
k=1

=1

IN

for some C > 0, where d a,(, ) = = E(|Xn|?P). Using the assumptions we get
I=1%n N g g

SUPNE
LS SPCEI DL Dl
m= k k= m=k+1
n o0 +r— 2

) o @ 1 mP

<) a ==
P k — b(l)2p Z Z m’ b(l)2p
n +r—2 p+r—2

NOL hk 1—r

S pt k (l)2p Z m- = Z (l)2p Ck

for some r > 1, G, > 0 and for each 1 < <d. This means that ) 5 AZTNI‘,’) <
< +00, hence one can apply Theorem 3. |
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We remark that a similar proposition can be proved in a similar manner
for d-sequences having maximal coefficient of correlation strictly smaller than
1. For this, one can use [14, Lemma 4] instead of Burkholder’s inequality.

6. Mixingales

In this chapter we define multiindex L mixingales and prove an SLLN
for a special class of such random variables. Remark that the notion of L’
mixingales was introduced by McLeish [10] and Andrews [1]. Let Z denote
the set of integers and let

8N={Mezd 0<m —m <1, k=1,....,d and S9_ (m — my) is even},
On = {MeZd 0, —m, <1, k=1,...,d and Zg=1("k —my) is odd},

if N e z°.
DEFINITION 15. Let r > 1, (Q, 4, P) be a probability space, Xy be a

d-sequence of random variables with finite r-th moment, Ay (N € %)
be a nondecreasing d-sequence of ¢-subalgebras of 4. The pair (Xn,dpr)

(NeN, M e 7%y is called L" -mixingale if
(@) |EXN|AN_m)l, S cN¥_pr if m; >0 forsome i=1,...,d,

(b) ”XN — IE(XNI"&N+M)”r <cen¥py if M>0,
where cy (N € N9), Yy (N € 7%) are d-sequences with ¥y — 0 as
n; — —oo forsome i = 1,...,d, ¥y - 0asn; — oo foreachi =1,...,d,
and there is a constant C > 0 for which

Yy < C¥N

forany N € Z? and M € §5 U Oy.

The following lemma is a straightforward generalization of Lemma 1 and
Lemma 2 of [7].

LEMMA 16. (a) Letr > 2 and (Xy,dp;) (N € N, M € 79) be an L”
mixingale, having property (ex). Then there exists an Fy 4 > 0 such that

1

max |SM|“ <Frd Z
Ke7d M<N
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where X I(Vf )= AE(Xp |da— k) and here the difference is taken according to
the subscript of 4 while the subscript of X remains fixed.

(®) Letr > 2 and (Xn,4p) (N € N4, M € Z%) be an L" mixingale,
having property (ex) such that ) . czd Yk < +oo. Then

2

2
< Cr,d Z M
r M<N

max |S
“MSN| |

for some C, 4.

PROOF. (a) Let N, K € N?. Then
Yo xP= Y AEXyMdn_p) =

—K<M<K —K<M<K
=EXNMN+k) + D BXNN D+ (=1 Y B(Xn 4N,
Lefy LeLy
where
t={LeZ® : =k ifi¢Iand I =—(k;+1)if i €1,
for some I C {1,...,d}, with I'=0 and card(]) is even },
fr={LeZ : =kifi¢Tand | =—(k+1)if i€,
for some I C {1,...,d}, with card(f) is odd }.

By the definition of the L"-mixingale, one can see that

lim Y x(P - EXNldnig) p =0 in L7
—K<M<K

and so
im¢ > X{P-Xyp=0 inL.
K
—K<M<LK

Hence, using the triangle inequality in L, we get

|

S _ ' x®OH <
max | M'“, max > > Xp|| <
L<M kezd r
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< xPl < xBN = (.
< |amax, 20| 2 X0\ < X0 |max | 30 X(P| =

~ Kezd |L<M r Kezd - LM r

Let K € N? be fixed. With the help of property (ex) it is easy to check that
the pair (Zps, % ps) is martingale difference, where

Zy = XK and Fpp =y

Hence by Lemma 12 (a), (b) and by the triangle inequality in the space L%,
we have

DDy SN xP| <re TS ‘XéK)‘z
Kezd ||[LEN Kezd LN
,

1
2
=Ird E E 'X£K)‘2 SFr,d Z

Kezd L<N r Keze L<N

)

(b) Let us consider XEK). If ky > 0 for some m =1,...,d then
IABCXL |-k, < cp2/C¥_g.
Otherwise, if k, < —1 for each m = 1,...,d, then by Definition 15,

AE(XL 14— ), < > IXL — BCXLldpn)ll, < c29C¥_k.
MegL—KU@L-—K

Hence, by part (a),

DA—

max |SM|” <Fy Z Z c%szC’z‘I’z_K =
Kezd (LN

-R2c! Y owg sy gl '
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PROPOSITION 17. Letr > 2 and (Xy,Ap) (N € Nd,M € Zd) be an
L" mixingale of property (ex). Then

,
2
1 2
Z\PN<OO and Z——_ITQ-T ZCM <0
Nezd Nend (N) 77 (M<N
imply
S
lim—2- =0 a.s.
N 4
(N)9
provided that the d-sequence cp is of product type.
PROOF. Easy consequence of Proposition 11 and Lemma 16(b). ]
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