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1. Strong laws of large numbers for pairwise independent
random variables with multidimensional indices

Let Nd be the positive integer d-dimensional lattice points, where d is a
positive integer. The following notation will be used: |n| = n1 · · ·nd, where
n = (n1, . . . , nd) ∈ Nd,

∑
n =

∑
n∈Nd , log+ x = max{1, log x}, if x > 0 and

log+ x = 1, if x ≤ 0. For n,m ∈ Nd, n ≤ m is defined coordinatewise.
We shall assume that random variables (r.v.’s) {Xn,n ∈ Nd} are defined

on the same probability space. Let Sn =
∑

k≤n Xk.

Definition 1.1. (Gut (1992) [8].) It is said that the sequence {Xn,n ∈
Nd} is weakly mean dominated by the r.v. X, if for some c > 0,

1
|n|

∑

k≤n

P(|Xk| > x) ≤ cP(|X| > x)

for all n ∈ Nd and x ≥ 0.

The following multiindex convergence theorems are extensions of the sin-
gle index theorems in Kruglov (1994) [11].

1.1. A general almost surely convergence theorem

Fazekas and Tómács (1998) [7] Theorem 3.1.

Theorem 1.1.1. Let {Xn,n ∈ Nd} be a sequence of nonnegative r.v.’s,
and let {bn,n ∈ Nd} be a bounded sequence of nonnegative numbers, and
Bn =

∑
k≤n bk. If

∑
n

1
|n|P

(
|Sn −Bn| > ε|n|1/r

)
< ∞

for every ε > 0, where 0 < r ≤ 1, then

1
|n|1/r

(Sn −Bn) → 0 (|n|→∞) almost surely (a.s.).

1.2. Kolmogorov’s SLLN

Fazekas and Tómács (1998) [7] Theorem 4.1.

Theorem 1.2.1. Let {Xn,n ∈ Nd} be a sequence of pairwise indepen-
dent r.v.’s, which is weakly mean dominated by X. Assume that

E
(|X|(log+ |X|)d−1

)
< ∞.
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Then ∑
n

1
|n|P

(|Sn − ESn| > ε|n|) < ∞

for any ε > 0, moreover if sup{E|Xn| : n ∈ Nd} < ∞, then

1
|n| (Sn − ESn) → 0 (|n|→∞) a.s.

1.3. The Marcinkiewicz SLLN without assuming independence

Fazekas and Tómács (1998) [7] Theorem 5.1.

1.3.1. tétel. Let {Xn,n ∈ Nd} be weakly mean dominated by X such
that E(|X|r(log+ |X|)d−1) < ∞, where 0 < r < 1. Then

∑
n

1
|n|P

(
|Sn| > ε|n|1/r

)
< ∞

for any ε > 0, and
Sn

|n|1/r
→ 0 (|n|→∞) a.s.

2. A general approach to strong laws of large numbers for
fields of random variables

We shall use notation of the previous chapter. Let N0 = N ∪ {0}, 0 :=
(0, . . . , 0) ∈ Nd

0 and 1 = (1, . . . , 1) ∈ Nd. Denote R the set of real numbers.
Coordinates of m,n, . . . ∈ Nd are denoted by same letters with indices, i.e.
n always means the vector (n1, . . . , nd). n → ∞ is interpreted as ni → ∞
for all i ∈ {1, . . . , d}. Let | log n| :=

∏d
i=1 log+ ni. The difference sequence of

sequence {an ∈ R,n ∈ Nd
0} will be denoted by ∆an, i.e.

∑
k≤n ∆ak = an. We

shall say that a sequence {an ∈ R,n ∈ Nd
0} is of product type, if there exist

a
(i)
n ∈ R, n ∈ N0, i ∈ {1, . . . , d}, such that an =

∏d
i=1 a

(i)
ni for each n ∈ Nd

0.
In this case the sequence {an ∈ R,n ∈ Nd

0} is said to be nondecreasing,
(resp. unbounded), if a

(i)
n , n ∈ N0 is nondecreasing, (resp. unbounded) for all

i ∈ {1, . . . , d}.
Definition 2.1. A function g:Nd × Nd → R is said to be superadditive,

if

g
(
i, (j1, . . . , jm−1, k, jm+1, . . . , jd)

)
+

+ g
(
(i1, . . . , im−1, k + 1, im+1, . . . , id), j

) ≤ g(i, j)
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for any i, j ∈ Nd, i ≤ j, m = 1, . . . , d, im ≤ k ≤ jm. A sequence of r.v.’s
{Xn,n ∈ Nd} is said to have r-th moment function of superadditive structure,
if for all i ≤ j (i, j ∈ Nd)

E

∣∣∣∣∣∣
∑

i≤k≤j

Xk

∣∣∣∣∣∣

r

≤ gα(i, j),

where g:Nd × Nd → R is superadditive, α > 1 and r > 0.

Definition 2.2. Let (Ω,F , P) be a probability space. Let {Xn,n ∈ Nd}
and {Fn,n ∈ Nd} be a sequence of r.v.’s and be a sequence of σ-subalgebras
of F , respectively. We assume that Fm ⊆ Fn if m ≤ n. If Xn is measurable
with respect to Fn for all n ∈ Nd, EX1 = 0 and E(Xn | Fm) = 0 if m ≤ n,
m 6= n, then we say that (Xn,Fn) is a martingale difference.

The following convergence theorems are multiindex versions of the single
index results in Fazekas and Klesov (2000) [3].

2.1. The basic SLLN

Noszály and Tómács (2000) [12] Proposition 1 and Fazekas, Klesov, No-
szály and Tómács (1999) [4] Theorem 3.1.

Theorem 2.1.1. Let n ∈ Nd be fixed. Let r be a positive real number,
{am,m ∈ Nd

0} be a nonnegative sequence. Suppose that {bm,m ∈ Nd
0} is a

positive, nondecreasing sequence of product type. If

E
(

max
l≤m

|Sl|r
)
≤

∑

l≤m

al

for all m ≤ n, then

E
(

max
m≤n

∣∣∣∣
Sm

bm

∣∣∣∣
r)

≤ 4d
∑

m≤n

am

br
m

.

Noszály and Tómács (2000) [12] Theorem 3 and Fazekas, Klesov, Noszály
and Tómács (1999) [4] Theorem 3.2.

Theorem 2.1.2. Let {an,n ∈ Nd
0}, {bn,n ∈ Nd

0} be nonnegative sequen-
ces and let r > 0. Suppose that {bn,n ∈ Nd

0} is a positive, nondecreasing, un-
bounded sequence of product type. If

∑
n an/br

n < ∞ and E (maxm≤n |Sm|r)≤∑
m≤n am for all n ∈ Nd, then

Sn

bn
→ 0 (n →∞) a.s.
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2.2. Applications

Logarithmically weighted sums. Noszály and Tómács (2000) [12] Theo-
rem 7 and Fazekas, Klesov, Noszály and Tómács (1999) [4] Theorem 4.2.

Theorem 2.2.1. Let {Xn,n ∈ Nd} be a sequence of random variables
and suppose that for some C > 0, β > 0

|E(XkXl)| ≤ C

( |k|
|l|

)β 1
(log+ |l|)d−1

for all k ≤ l (k, l ∈ Nd). Then

1
| log n|

∑

k≤n

Xk

|k| → 0 (n →∞) a.s.

Sequences with superadditive moment structures. Noszály and Tómács
(2000) [12] Proposition 11 and Fazekas, Klesov, Noszály and Tómács (1999)
[4] Theorem 4.1.

Theorem 2.2.2. Let r > 0, α > 1 and suppose that {Xn,n ∈ Nd} has r-
th moment function of superadditive structure and ∆gα(1,n) is nonnegative
for any n ∈ Nd. Then for arbitrary q > 0

∑
n

gα(1,n)
|n|1+r/q

< ∞

implies
Sn

|n|1/q
→ 0 (n →∞) a.s.

Brunk—Prohorov type theorems. Noszály and Tómács (2000) [12] Propo-
sition 13.

Theorem 2.2.3. Let (Xn,Fn) be a martingale difference,

E
(
E(Xl | Fm)

∣∣∣ Fn

)
= E

(
Xl | Fmin(m,n)

)
(2.2.1)

for all l,m,n ∈ Nd. Let p ≥ 1, C > 0 and r < p + 1. Suppose that∑
m≤n E|Xm|2p ≤ C|n|r. Then Sn/|n| → 0 (n →∞) a.s.
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Noszály and Tómács (2000) [12] Proposition 14.

Theorem 2.2.4. Let (Xn,Fn) be a martingale difference having property
(2.2.1) and let p ≥ 1. When p > 1, suppose that E|Xn|2p is sequence of product
type. Then ∑

n

E|Xn|2p

b2p
n

|n|p−1 < ∞

implies Sn/bn → 0 (n → ∞) a.s., provided that bn is a nondecreasing, pos-
itive, unbounded sequence of product type and either p = 1 or |n|δ/bn is
nonincreasing for some δ > (p− 1)/2p.

3. Convergence rates in the law of large numbers for arrays
of Banach space valued random elements

Let Φ0 denote the set of functions f : [0,∞) → [0,∞), that are nonde-
creasing. A function f ∈ Φ0 is said to satisfy the ∆2-condition (f ∼ ∆2) if
there exists a constant c > 0, such that f(2t) ≤ cf(t) for all t > 0.

Let B be a real separable Banach space with norm ‖.‖, and let {Xnk, n ∈
N, k = 1, . . . , n} be an array of B-valued r.v.’s. It is rowwise independent, if
Xn1, . . . , Xnn are independent r.v.’s for all n ∈ N. Let Sn =

∑n
k=1 Xnk.

Definition 3.1. (Gut (1992) [8].) We say that the array {Xnk, n ∈ N, k =
1, . . . , n} is weakly mean dominated by the r.v. X, if for some γ > 0,

1
kn

kn∑

k=1

P(‖Xnk‖ > t) ≤ γP(|X| > t) for all t ≥ 0 and n ∈ N.

Tómács (2003) [14] Theorem 3.1.

Theorem 3.2. Let {Xnk, n ∈ N, k = 1, . . . , n} be an array of row-
wise independent B-valued r.v.’s which is w.m.d. by the r.v. X. We assume
that there exists a sequence {γn, n ∈ N} of positive real numbers such that
{‖Sn‖ /γn, n ∈ N} is bounded in probability. Let α, ϑ, ϕ ∈ Φ0, α be not
bounded, ϑ, ϕ ∼ ∆2, ϑ 6≡ 0 and

β(n) = ϕ(α(n + 1))− ϕ(α(n)), n = 0, 1, 2, . . . .

We assume that

E ϕ(|X|) < ∞, Eϑ(|X|) < ∞ and lim
n→∞

α(n)
γn

= ∞.
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Let
µ(n) = β(n− 1) for all n ∈ N

or
µ(n) = β(n) for all n ∈ N.

In case µ(n) = β(n) assume that there exists a constant c > 0 such that

cβ(n) ≤ β(n− 1)

for n ∈ N large enough. Let n0 ∈ N be such that ϑ(α(n)) > 0 for all n ≥ n0.
If there exist j ∈ N and r > 0 such that

∞∑
n=n0

µ(n)
n

(
rn + ϑ(γn)

ϑ(α(n))

)2j

< ∞

then ∞∑
n=1

µ(n)
n

P
(‖Sn‖ > εα(n)

)
< ∞ for all ε > 0.

Remark 3.3. The following known Baum—Katz type results are corol-
laries of the previous theorem.

– Theorem 3.1, Theorem 3.5 and Theorem 6.2 of Fazekas (1992) [2],
– a version of Corollary 4.1 and 4.2 of Hu, Rosalsky, Szynal and Volodin

(1999) [9],
– Theorem 3.3 of Jain (1975) [10].

E.g. Theorem 3.1 of Fazekas (1992) [2] is the following.

Theorem 3.4. Let 0 < p ≤ 2, s ≥ p, rp > s and let B be of type p.
Let {Xnk, n ∈ N, k = 1, . . . , n} be an array of rowwise independent B-valued
r.v.’s which is weakly mean dominated by the r.v. X. Assume that EXnk = 0
(k = 1, . . . , n) in case p ≥ 1. If E |X|s < ∞, then

∞∑
n=1

nr−2P
(
‖Sn‖ > εnr/s

)
< ∞ for all ε > 0.

4. Almost sure central limit theorems for m-dependent ran-
dom fields

Denote B the σ-algebra of Borel-sets of R. Let δx be the unit mass at point
x ∈ R, that is δx:B → R, δx(B) = 1 if x ∈ B and δx(B) = 0 if x 6∈ B. ⇒ µ



8

denotes weak convergence to the probability measure µ. Let {Xn,n ∈ Nd} be
a multiindex sequence of r.v.’s, where d is a fixed positive integer. Suppose
that EXn = 0 and D2Xn < ∞ for all n ∈ Nd. Let ||n|| = max{n1, . . . , nd}
and d(V1, V2) = inf{||n−m|| : n ∈ V1,m ∈ V2}, where V1, V2 ⊂ Nd. Let σ(V )
(where V ⊂ Nd) be the smallest σ-algebra with respect to which {Xn,n ∈ V }
are measurable.

Recall the well-known concept of m-depence.

Definition 4.1. Let m ∈ N be fixed. The random field {Xn,n ∈ Nd} is
said to be m-dependent, if the σ-algebras σ(V1) and σ(V2) are independent
whenever d(V1, V2) > m, V1, V2 ⊂ Nd.

In the following let Sn =
∑

k≤n Xk, Bn = D2Sn, ζn = Sn/
√

Bn and let
µζn denote the distribution of the r.v. ζn.

The following two theorems are extensions of the results on independent
Xn’s in Fazekas and Rychlik (2001) [6].

Tómács (2002) [13] Theorem 2.1.

Theorem 4.2. Let {Xn,n ∈ Nd} be an m-dependent random field,
EXn = 0, n ∈ Nd. Suppose that

there exist M, δ ≥ 0, such that E|Xn|2+δ ≤ M < ∞ for all n ∈ Nd (4.1)

and

there exist σ > 0 and nσ ∈ Nd such that
Bn

|n| ≥ σ for all n ≥ nσ. (4.2)

Let 0 ≤ d
(i)
k ≤ c log k+1

k , assume that
∑∞

k=1 d
(i)
k = ∞ for all i ∈ {1, . . . , d}.

Let dk =
∏d

i=1 d
(i)
ki

and Dn =
∑

k≤n dk. Then for any probability distribution
µ the following two statements are equivalent:

1
Dn

∑

k≤n

dkδζk(ω) ⇒ µ (n→∞) for almost every ω ∈ Ω,

1
Dn

∑

k≤n

dkµζk ⇒ µ (n→∞).

Tómács (2002) [13] Theorem 2.2.

Theorem 4.3. Let {Xn,n ∈ Nd} be an m-dependent random field,
EXn = 0, n ∈ Nd. Assume that (4.1) and (4.2) hold for some δ > 0. Then

1
| log n|

∑

k≤n

1
|k|δζk(ω) ⇒ N (0, 1) (n→∞) for almost every ω ∈ Ω.
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5. On the Rosenthal inequality for mixing fields

Let (Ω,F ,P) be a probability space. Let F1 and F2 be two σ-algebras in
F . The α-mixing coefficient is defined as follows.

α(F1,F2) := sup{|P(A)P(B)− P(AB)| : A ∈ F1, B ∈ F2}.

Let d ∈ N be a fixed positive integer, I ⊆ Zd, ‖n‖ = max{|n1|, . . . , |nd|},
where n = (n1, . . . , nd) ∈ Zd, and %(n,m) = ‖n −m‖. Let Y = {Yt : t ∈ I}
be a multiindex sequence of r.v.’s. The α-mixing coefficient of Y is

αY (r, u, v) := sup{α(FI1 ,FI2) : %(I1, I2) ≥ r, card(I1) ≤ u, card(I2) ≤ v},

where I1 and I2 are finite subsets in I, FIi = σ{Yt : t ∈ Ii}, i = 1, 2.
Let T be a finite set in I. Introduce the following notation.

L(µ, ε, T ) =
∑

t∈T

(
E|Yt|µ+ε

)µ/(µ+ε) =
∑

t∈T

‖Yt‖µ
µ+ε.

D(h, ε, T ) =





L(h, 0, T ), if 0 < h ≤ 1,
L(h, ε, T ), if 1 < h ≤ 2,
max{L(h, ε, T ), Lh/2(2, ε, T )}, if 2 < h.

Let sr = card({t ∈ Zd : ‖t‖ = r} ∩ I), br = card({t ∈ Zd : ‖t‖ ≤ r} ∩ I) and

c
(α)
u,h−u := 8u!(h− u− 1)!(h− 1)!

∞∑
r=1

(
αY (r, u, h− u)

)ε/(h+ε)
srb

h−2
r .

The following theorem is a version of Theorem 1 of Doukhan (1994) [1].
In the proof of that theorem we have found a gap. For our version we gave
detailed proof.

Fazekas, Kukush and Tómács [5] Theorem.

Theorem 5.1. Let l > 1 and ε > 0. Let {Yt, t ∈ I} be centered random
variables with E|Yt|l+ε < ∞, t ∈ I. Let h be the smallest even integer with

h ≥ l. Assume that c
(α)
u,h−u < ∞ for u = 1, . . . , h− 1. Then there is a constant

K(α) such that

E

∣∣∣∣∣
∑

t∈T

Yt

∣∣∣∣∣

l

≤ K(α)D(l, ε, T ) (5.1)

for any finite subset T of I.
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Remark 5.2. K(α) does not depend on T but it depends on the mixing
coefficients and l. If 0 < ε < l/2, then K(α) = H

(α)
h Cl, where

H
(α)
h = 1 +

h−1∑
u=1

c
(α)
u,h−u +

h−2∑
u=2

(
h

u

)
H(α)

u H
(α)
h−u,

Cl = 2(h−l+ε)(2h+2l−1)/ε.

If l is an even integer, then one can put Cl = 1. Inequality (5.1) is always
satisfied for 0 < l ≤ 1, if we replace K(α) with 1.
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[14] T. Tómács, Convergence rates in the law of large numbers for arrays of
Banach space valued random elements, Preprints No. 305, Technical Re-
port No. 2003/9, University of Debrecen, Hungary. (Közlésre benyújtva.)




